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AN ANALOGUE OF CHROMATIC BASES AND
p-POSITIVITY OF SKEW SCHUR Q-FUNCTIONS
SOOJIN CHO, JISUN HUH, AND SUN-YOUNG NAM
Abstract. We investigate chromatic symmetric functions in the relation to the algebra Γ of sym-
metric functions generated by Schur Q-functions. We construct natural bases of Γ in terms of
chromatic symmetric functions. We also consider the p-positivity of skew Schur Q-functions and
find a class of p-positive ribbon Schur Q-functions, making a conjecture that they are all. We
include many concrete computational results that support our conjecture.
1. Introduction
Stanley introduced chromatic symmetric functions as a symmetric function generalization of
chromatic polynomials of finite simple graphs in 1995 [5]. They provided many new directions of
research in the relation with many different areas in mathematics, including graph theory, sym-
metric function theory, representation theory and algebraic geometry.
It is natural to look at chromatic symmetric functions in the relation of other well known sym-
metric functions, and Stanley-Stembridge conjecture on e-positivity of certain chromatic symmetric
functions is one of such problems. In [2, 3], chromatic symmetric function bases of the symmet-
ric function space Λ were constructed and classical symmetric functions that can be realized as
chromatic symmetric functions were classified.
The purpose of current paper is to investigate chromatic symmetric functions in the relation
with the algebra Γ of symmetric functions generated by Schur Q-functions, answering the same
questions raised in [2, 3] for the algebra of symmetric functions. However, only null graphs (with
isolated vertices) make symmetric functions in Γ, and we define near chromatic symmetric functions
and consider the generators and bases of Γ instead, which make natural analogues of chromatic
symmetric function bases of Λ. An interesting property of a chromatic symmetric function is that
its image under the well known involution ω on Λ is p-positive, and the classification of classical
symmetric functions that are also chromatic symmetric functions was done by classifying p-positive
skew Schur functions (see Proposition 4.1). This suggests another interesting problem to ask which
skew Schur Q-functions are p-positive, and we work on this also. We show that only ribbon Schur
Q-functions can be p-positive and found a class of p-positive ribbons. We come to make a nice
conjecture that the ones we found are all with many computational evidences. The shapes of p-
positive ribbons are obtained by repeating (near) concatenation of the transpose of a shape from a
basic block, and by taking their transpose or antipodal rotation. See Conjecture 4.9.
Key words and phrases. Chromatic symmetric function, chromatic basis, Schur Q-function, ribbon Schur Q-
function, p-positivity.
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The rest of the current paper is organized as follows. Section 2 is to introduce background for our
work and Section 3 is devoted to the construction of chromatic bases of Γ. In Section 4, p-positivity
of skew Schur Q-functions are considered, and in the final section we make final remarks.
2. Preliminaries
In this section we give basic definitions, setup notations and introduce known results that we
will need for the development of our arguments.
A positive integer sequence α = (α1, α2, . . . , αℓ) is called a composition α of n, denoted α  n, if∑
i αi = n. Given a composition α = (α1, α2, . . . , αℓ) of n, we call the αi the parts of α, ℓ = ℓ(α)
the length of α, and n = |α| the size of α. We introduce a partial order on compositions which will
be used. For two compositions α = (α1, α2, . . . , αℓ(α)) and β = (β1, β2, . . . , βℓ(β)) such that α, β  n,
we say that α is a coarsening of β (or β is a refinement of α), denoted α < β, if consecutive parts
of β can be added together to yield the parts of α. For example, (5, 2, 3) < (2, 2, 1, 2, 1, 2).
A partition λ = (λ1, λ2, . . . , λℓ) of n, denoted λ ⊢ n, is a composition of n satisfying λ1 ≥ λ2 ≥
· · · ≥ λℓ, and is said to be strict if λ1 > λ2 > · · · > λℓ. We also use λ = (1
m12m2 · · · ) as an
alternative notation for partitions, where mi = mi(λ) is the number of appearance of the part i in
the partition λ. Given two partitions λ and µ, we say that µ is contained in λ, denoted µ ⊆ λ, if
µi ≤ λi for all i = 1, 2, . . . , ℓ(µ). We let OP (n) be the set of all partitions of n into odd parts and
SP (n) be the set of all strict partitions of n. The partition obtained by reordering the parts of a
composition α is denoted by λ(α).
2.1. Diagrams. The (Young) diagram is a graphical interpretation of a partition λ, which is the
array of left justified boxes containing λi boxes in the ith row from the top. We abuse notation by
denoting the diagram of a partition λ by λ also. For partitions λ and µ such that µ ⊆ λ, the skew
diagram λ/µ is obtained from the diagram λ by removing the boxes of the diagram µ from the top
left box.
For a strict partition λ, the shifted diagram of λ, denoted λ˜, is defined by
λ˜ = {(i, j) | 1 ≤ i ≤ ℓ(λ), i ≤ j ≤ i+ λi − 1},
that is obtained from the diagram λ by shifting the ith row (i − 1) boxes to the right, for each
i > 1. Similarly, for strict partitions λ and µ such that µ ⊆ λ, the shifted skew diagram, denoted
λ˜/µ, is obtained from λ/µ by shifting the ith row from the top (i− 1) boxes to the right for i > 1.
We are dealing with diagrams either λ/µ or λ˜/µ, that are determined by two partitions µ ⊆ λ,
but we specify the partitions involved or the type of the diagram only when they are needed. We
usually use D to denote a diagram and understand it as a set of boxes(coordinates) in the plane.
For a (shifted) skew diagram, each edgewise connected part is called a component. A diagram with
one component is called connected. A skew diagram D is said to be a ribbon, or a border strip, if for
each box (i, j) in D the box (i− 1, j − 1) is not contained in D. If a connected ribbon D of size n
has αi(D) boxes in the ith row for each i = 1, 2, . . . , ℓ, we correspond the ribbon to the composition
α(D) = (α1(D), α2(D), . . . , αℓ(D)) of n. We abuse the notation by denoting the ribbon by α(D)
and we call ℓ(α(D)) the length of the ribbon D.
Example 2.1. If λ = (4, 2, 2) and µ = (1, 1), then the skew diagram λ/µ is the ribbon α = (3, 1, 2).
If λ = (4, 3, 2) and µ = (3, 2), then the shifted skew diagram λ˜/µ is the ribbon β = (1, 1, 2).
α = β =
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2.2. Operations on skew diagrams. We begin with recalling two classical operations on skew
diagrams. For a skew diagram D, the transpose Dt is obtained from D by reflecting in the main
diagonal, and the antipodal rotation D◦ is obtained by rotating D 180 degrees in the plane.
Let D1 and D2 be skew diagrams. The disjoint union of D1 and D2, denoted D1⊕D2, is obtained
by placing D1 strictly north and east of D2 such that they have no common row or column. Given
D1 ⊕D2, the concatenation D1 ·D2 (resp. near concatenation D1 ⊙D2) is obtained by moving all
boxes of D1 exactly one cell west (resp. south). For example, for ribbons α = (α1, α2, . . . , αk) and
β = (β1, β2, . . . , βℓ), we have α · β = (α1, . . . , αk, β1, . . . , βℓ) and α⊙ β = (α1, . . . , αk + β1, . . . , βℓ).
We note that both · and ⊙ are associative and they associate with each other, and a ribbon α
with k boxes can be uniquely written as
α = ⋆1⋆2 · · ·⋆k−1,
where  denotes the diagram with one box and each ⋆i is either · or ⊙. For example, the ribbon
α = (3, 1, 2) can be written as ⊙⊙ · ·⊙.
The main operation we deal with is the composition of transposition, which was introduced in [1].
For a composition α and a skew diagram D, the composition of transposition of D by α is defined
as
α •D =
{
D⋆1D
t⋆2D⋆3D
t · · ·⋆k−1D if |α| is odd,
D⋆1D
t⋆2D⋆3D
t · · ·⋆k−1D
t if |α| is even,
where α = ⋆1⋆2 · · ·⋆k−1.
Example 2.2. If α(1) = (1, 1), α(2) = (2), and D = (1, 3), the composition of transposition α(1)•D
of D by α(1) is the ribbon (1, 3, 1, 1, 2), and α(2) •α(1) •D is the ribbon (1, 3, 1, 1, 3, 4, 1, 2) as shown
in the following figure, in which gray boxes represent transpose:
D = α(1) •D = α(2) • α(1) •D =
2.3. Algebra Λ of symmetric functions. For a positive integer n and a partition λ = (λ1, . . . , λℓ)
of n, the monomial symmetric function corresponding to λ is defined as mλ =
∑
(i1,...,iℓ)
xλ1i1 · · · x
λℓ
iℓ
,
where the sum is over the ℓ tuples of distinct positive integers. Monomial symmetric functions are
invariant under the action of permuting variables and they form a basis of the space Λn of nth
degree symmetric functions; Λn = spanQ{mλ |λ ⊢ n}. The algebra Λ of symmetric functions is the
graded subalgebra of Q[[x1, x2, . . . ]] defined as Λ = ⊕n≥0 Λ
n, where we set Λ0 = Q .
For a positive integer r, the rth elementary symmetric function is er =
∑
i1<···<ir
xi1 · · · xir , the
rth complete homogeneous symmetric function is hr =
∑
i1≤···≤ir
xi1 · · · xir , and the rth power sum
symmetric function is pr =
∑
i x
r
i . Then each of {eλ |λ ⊢ n}, {hλ |λ ⊢ n} and {pλ |λ ⊢ n} forms
a nice basis of Λn, where bλ = bλ1 · · · bλℓ for λ = (λ1, . . . , λℓ) and b ∈ {e, h, p}. Another important
basis of Λn is the set {sλ |λ ⊢ n} of Schur functions, where sλ = det(hλi−i+j)1≤i,j≤ℓ(λ).
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There is a nice combinatorial model for Schur functions. For a given partition λ, a semistandard
tableau T of shape λ is a filling of the diagram of λ with positive integers so that each row is weakly
increasing and each column is strictly increasing, and the content of T is c(T ) = (c1, c2, . . . ) where
ci is the number of i in T . Then sλ =
∑
T x
c(T ), where the sum is over all semistandard tableaux
of shape λ and x(c1,c2,... ) =
∏
i x
ci
i . We can also define a skew Schur function sλ/µ for µ ⊆ λ as the
generating function of semistandard tableaux of shape λ/µ.
We say that a given symmetric function is b-positive if the function can be written as a positive
linear combination of the elements of the basis {bλ} of Λ. We remark that in the algebra of
symmetric functions Λ, there is a well known involution ω that is defined by ω(pr) = (−1)
r−1pr or
equivalently by ω(sλ) = sλt , and there is a scalar product defined by 〈sλ, sµ〉 = δλµ or equivalently
by 〈pλ, pµ〉 = δλµzλ, where zλ =
∏
i i
mi(mi)! for λ = (1
m12m2 · · · ).
2.4. Subalgebra Γ of symmetric functions. Odd power sum symmetric functions make an
algebraically independent set over Q and generate an important subalgebra of Λ.
Γ = Q[p1, p3, p5, . . . ] = ⊕n≥0Γ
n , where Γn = Γ ∩ Λn .
The subalgebra Γ of Λ has nice generators and bases elements that are different from the power
sum symmetric functions. We now define the skew Schur Q-functions as generating functions of
marked shifted tableaux as Schur functions are the generating functions of semistandard tableaux.
Let P′ denote the set of ordered alphabet {1′ < 1 < 2′ < 2 < · · · }. Here, the letters 1′, 2′, . . . are
said to be marked. For a letter a ∈ P′, we denote the unmarked version of this letter by |a|. Let λ
and µ be strict partitions such that µ ⊆ λ. A marked shifted tableau T of shape λ˜/µ is a filling of
the boxes of the shifted skew diagram λ˜/µ with letters from P′ such that
(M1) each row and column are weakly increasing,
(M2) each column has at most one k for each k ≥ 1, and
(M3) each row has at most one k′ for each k ≥ 1.
The content of T is the sequence c(T ) = (c1, c2, . . . ), where ci is the number of all letters a such
that |a| = i in T , for each i ≥ 1.
Definition 2.3. For strict partitions λ and µ with µ ⊆ λ, the skew Schur Q-function is defined as
Qλ/µ =
∑
T
xc(T ),
where the sum is over all marked shifted tableaux of shape λ˜/µ. We denote Qλ/∅ by Qλ and Q(n)
by qn, where we let Q∅ = q0 = 1 for convenience. For a partition λ = (λ1, λ2, . . . , λℓ), we let
qλ =
∏ℓ
i=1 qλi .
Our main interest is on the algebra Γ and we summarize some important results.
Proposition 2.4. [4, Chapter III] For a positive integer n,
(1)
n∑
r=0
(−1)rqrqn−r = 0 ,
(2) qn =
∑
λ∈OP (n)
z−1λ 2
ℓ(λ)pλ ∈ Γ .
Theorem 2.5. [4, Chapter III]
(a) Γ = Q[q1, q3, q5, . . . ], and {q1, q3, q5, . . . } is an algebraically independent set over Q.
CHROMATIC BASIS AND p-POSITIVITY OF SKEW SCHUR Q-FUNCTIONS 5
(b) For any strict partitions λ and µ such that µ ⊆ λ, Qλ/µ is a symmetric function in Γ.
(c) For each n ≥ 1, {Qλ |λ ∈ SP (n)} forms a basis of Γ
n.
(d) For each n ≥ 1, both {pλ |λ ∈ OP (n)} and {qλ |λ ∈ OP (n)} are bases of Γ
n.
For two strict partitions λ and µ such that µ ⊆ λ, if λ˜/µ is a ribbon then we follow the convention
in [1] to use rα for Qλ/µ when α is the composition representing the ribbon of shape λ/µ. In this
case we also use αt and α◦ for the transpose and the antipodal rotation of λ˜/µ, respectively. We
associate an ℓ× ℓ matrix A(α) to a composition(ribbon) α = (α1, . . . , αℓ), where the (i, j) entry of
A(α) is given by
(3) A(α)i j =

qαi+αi+1+···+αj if i ≤ j,
q0 if j − i = 1,
0 otherwise .
Proposition 2.6. [1, Proposition 3.3] Let α and β be ribbons. Then,
(4) rα = rαt = rα◦
(5) rα = det(A(α))
(6) rα = (−1)
ℓ(α)
∑
γ<α
(−1)ℓ(γ)qλ(γ)
(7) rαrβ = rα·β + rα⊙β
(8) r 2α = 2rα·αt = 2rα⊙αt .
3. A basis of the algebra Γ involving graphs
In this section we construct new bases for the algebra Γ, whose elements are generated by the
chromatic symmetric functions of the star graphs and the triangles. These are analogues of the
chromatic symmetric function bases for the algebra Λ introduced in [2].
We begin by defining the chromatic symmetric functions.
Let G = (V,E) be a simple graph with a vertex set V = {v1, v2, . . . , vn} and an edge set E. A
function κ : V → {1, 2, . . . } is called a proper coloring of G if {vi, vj} ∈ E implies that κ(vi) 6= κ(vj).
The chromatic symmetric function of G is defined as
XG =
∑
κ
xκ(v1) . . . xκ(vn),
where the sum is over all proper colorings of G. It is an immediate consequence of the definition
of XG that if a graph G is a disjoint union of subgraphs G1, G2, . . . , Gℓ, then we have XG =∏ℓ
i=1XGi . Moreover, XG is a symmetric function and one can expand XG in terms of the basic
bases of symmetric functions. As we consider the algebra Γ = Q[p1, p3, p5, . . . ] in this paper, we are
especially interested in the expansion of chromatic symmetric functions into power sum symmetric
functions pλ among other basic bases. Stanley found a nice explicit p-expansion formula of the
chromatic symmetric functions.
Theorem 3.1. [5, Theorem 2.5, Corollary 2.7] For a simple graph G = (V,E) with n vertices,
let λ(S) be the partition of n whose parts are equal to the numbers of vertices in the connected
6 SOOJIN CHO, JISUN HUH, AND SUN-YOUNG NAM
S1 S2 S3 S4 S5
Figure 1. Star graphs.
components of the spanning subgraph of G with an edge set S. Then, the chromatic symmetric
function of G can be written as
XG =
∑
S⊆E
(−1)|S|pλ(S),
and the symmetric function ω(XG) is p-positive.
Example 3.2. [2, Theorem 8] We give the chromatic symmetric functions XG of two exemplary
graphs G.
(a) For the triangle C3, the cycle with three vertices, we have
XC3 = p
3
1 − 3p2p1 + 2p3 .
(b) For the star graph Sn, the tree with one internal vertex and n− 1 leaves, we have
XSn =
n−1∑
r=0
(−1)r
(
n− 1
r
)
pr+1p
n−r−1
1 .
In [2], the authors obtained numerous new bases for the algebra of symmetric functions whose
generators are chromatic symmetric functions.
Theorem 3.3. [2, Theorem 5] Let Gλ = Gλ1 ∪· · ·∪Gλℓ denote a graph with connected components
Gλ1 , . . . , Gλℓ such that Gk has k vertices for each k. Then the set
{XGλ |λ ⊢ n}
forms a Q-basis of Λn.
It is natural to ask that for which graphs G, a set {XG} forms a basis of Γ
n. However, it follows
from Theorem 3.1 that XG dose not belongs to Γ if G has an edge.
Proposition 3.4. For a finite simple graph G, it has no edge if and only if XG ∈ Γ.
Proof. Let G be a simple graph with n vertices. If G has no edge, then XG = p
n
1 ∈ Γ.
We now let G be a graph having m edges such that XG ∈ Γ. By Theorem 3.1, we have
XG = p
n
1 −mp2p
n−2
1 +
∑
|S|≥2
(−1)|S|pλ(S) .
Since pn, n ≥ 0, are algebraically independent and {p1, p3, p5, . . . } generates Γ, for XG to be in Γ
the second term mp2p
n−2
1 must be 0, that is m = 0. Hence, G has no edge. 
A graph with no edge is called a null graph. Due to Proposition 3.4, the only chromatic symmetric
functions contained in Γ are XG = p
n
1 for the null graphs G with n vertices and there can not be a
chromatic symmetric function basis for Γ. A symmetric function f in Γ satisfies ω(f) = f and we
consider the symmetrization of the chromatic symmetric functions instead. For a simple graph G,
we define a near chromatic symmetric function of G to be
YG = (XG + ω(XG))/2 .
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Then it is clear from the definition that ω(YG) = YG. We also note that if XG belongs to Γ, then
YG = XG and it follows that ω(YG) = YG is p-positive. From Example 3.2, we obtain two near
chromatic symmetric functions which belong to the algebra Γ.
Proposition 3.5. For a graph G, let YG be its near chromatic symmetric function.
(a) For the triangle C3, we have
YC3 = p
3
1 + 2p3 .
(b) For the star graph Sn, we have
YSn =

(n−1
0
)
pn1 +
(n−1
2
)
p3p
n−3
1 + · · ·+
(n−1
n−1
)
pn if n is odd,(n−1
0
)
pn1 +
(n−1
2
)
p3p
n−3
1 + · · ·+
(n−1
n−2
)
pn−1p1 if n is even .
Moreover, {YSn |n: odd } is algebraically independent over Q.
As the near chromatic symmetric function YG is obtained from the p-expansion of XG by getting
rid of all terms pλ for partitions λ with an odd number of even parts, YG can belong to Γ for some
graphs G although XG is not an element of Γ. It turns out that there is no connected graph G
such that YG ∈ Γ except C3 and Sn for n ≥ 1.
We say that two edges {v1, v2} and {v3, v4} are disjoint if v1, v2, v3, and v4 are all distinct.
Lemma 3.6. Let G be a simple graph such that YG ∈ Γ. Then G has no pair of disjoint edges.
Furthermore, if G is connected, then G is either C3 or Sn for n ≥ 1.
Proof. We suppose that there are r different ways to select two disjoint edges of G. By Theorem 3.1,
the coefficient of p22p
n−4
1 in the p-expansion of XG is equal to r. Hence, from the definition of YG,
the coefficient of p22p
n−4
1 in the p-expansion of YG is also r, and if YG ∈ Γ then r must be zero so
that G has no pair of disjoint edges. It is easy to see that a connected graph with no pair of disjoint
edges is either C3 or Sn for n ≥ 1. 
From Lemma 3.6, we can see that YG need not be the same as
∏
i YGi , where Gi are connected
components of G. We now classify all graphs G such that YG ∈ Γ.
Proposition 3.7. Let G be a simple graph. Then, YG ∈ Γ if and only if G is a disjoint union of
a graph H and a null graph, where H is one of the graphs C3 and Sn for n ≥ 1.
Proof. We first note that if G is a disjoint union of H and the null graph with d vertices, then
YG = p
d
1 YH ∈ Γ .
Now, we suppose that G is a simple graph such that YG ∈ Γ. From Lemma 3.6, G has no pair
of disjoint edges. Hence, all edges are in the same connected component of G, say H, so that G
is a disjoint union of H and a null graph. Moreover, H is either C3 or Sn for n ≥ 1 since H is a
connected graph with no pair of disjoint edges. 
We have come to the conclusion that there are only two generator sets of near chromatic sym-
metric functions for the algebra Γ which are algebraically independent:
Theorem 3.8. Two sets {YS1 , YC3 , YS5 , YS7 , . . . } and {YS1 , YS3 , YS5 , YS7 , . . . } of near chromatic
symmetric functions are algebraically independent generator sets for the algebra Γ. Moreover, they
are the only algebraically independent generator sets for Γ consisting of near chromatic symmetric
functions.
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Proof. Since Γ is generated by odd power sum symmetric functions and pk, for odd k are alge-
braically independent, it is immediate from Proposition 3.5 that two given sets are algebraically
independent and
Γ = Q[YS1 , YC3 , YS5 , YS7 , . . . ] = Q[YS1 , YS3 , YS5 , YS7 , . . . ] .
Proposition 3.7 proves that there is no other algebraically independent generator set of near chro-
matic symmetric functions. 
We close this section by giving new bases for the space Γn of nth degree symmetric functions in Γ.
For a given set B = {G1, G3, G5, . . . } of simple graphs where Gk has k vertices for k = 1, 3, 5, . . . ,
we define a set Y(B) ⊆ Γ of symmetric functions in Γ as Y(B) = {
∏
i YGλi |λ ∈ OP (n)}.
Theorem 3.9. Let Sn be the star graph with n vertices for n ≥ 1 and C3 be the triangle. Let
B1 = {S1, C3, S5, S7, . . . } and B2 = {S1, S3, S5, S7, . . . }. Then Y(B1) and Y(B2) are bases of Γ
n.
Proof. We know from Proposition 3.5 that Y(B1) and Y(B2) are linearly independent. Since both
sets have |OP (n)| elements and dimΓ = |OP (n)| by Theorem 2.5, the proof is completed. 
4. On p-positivity of skew Schur Q-functions
There are many positivity questions in the theory of symmetric functions, mainly on Schur
positivity, e-positivity or h-positivity, which are raised usually in the relation to the representation
theory, but not so many questions on p-positivity. However, in the work related to the chromatic
symmetric functions p-positivity problems naturally appear. This is basically because XG has
an interesting property that ω(XG) is p-positive. For instance, in the work to classify classical
symmetric functions that can be recognized as chromatic symmetric functions in [3], knowing the
p-positivity of skew Schur functions played an important role.
Proposition 4.1. [3, Proposition 2.6] A skew Schur function sD is p-positive if and only if D is a
horizontal strip.
In this section we work on the Schur Q-analogue of Proposition 4.1; that is, on the classification
of p-positive skew Schur Q-functions. Throughout the section, any shifted skew diagram λ˜/µ is
regarded to be connected unless specifically noted. We recall from Theorem 2.5 (d), that a skew
Schur Q-function can be written as a linear sum of odd power sum symmetric functions, and also
recall the scalar product on Λ satisfying 〈sλ, sµ〉 = δλµ and 〈pλ, pµ〉 = δλµzλ. To begin with, we
show that a skew Schur Q-function Qλ/µ is not p-positive unless λ˜/µ is a ribbon.
Proposition 4.2. If a shifted skew diagram λ˜/µ contains three boxes (i, j), (i, j+1), and (i+1, j+1)
for some i and j, then the skew Schur Q-function Qλ/µ is not p-positive.
The above proposition is immediate from the following lemma.
Lemma 4.3. Let λ˜/µ be a shifted skew diagram of size n, that contains three boxes (i, j), (i, j+1),
and (i+ 1, j + 1) for some i and j. If Qλ/µ =
∑
λ∈OP (n) aλpλ, then
∑
λ∈OP (n) aλ = 0.
Proof. We first note that there is no marked shifted tableau of shape λ˜/µ with weight (n), since λ˜/µ
contains two diagonally consecutive boxes (i, j) and (i+1, j+1). This implies that 〈Qλ/µ, s(n)〉 = 0
since xn1 can appear only in s(n) among Schur functions. Due to Murnaghan-Nakayama rule [6,
Corollary 7.17.5] the Schur function of one row shape is expanded as a sum of power sum symmetric
functions as follows;
s(n) =
∑
λ⊢n
z−1λ pλ .
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Therefore, we have 〈 ∑
λ∈OP (n)
aλpλ,
∑
λ⊢n
z−1λ pλ
〉
=
∑
λ∈OP (n)
aλ = 0 .

4.1. A class of p-positive ribbon Schur Q-functions. In Proposition 4.2, we showed that only
ribbon Schur Q-functions can be p-positive. In this subsection we construct an infinite family of
p-positive ribbon Schur Q-functions.
For positive integers n and k such that k ≤ n, we denote by △n,k the ribbon whose shape is λ˜/µ,
where λ = (n, n− 1, · · · , n − k + 1) and µ = (n − 1, n − 2, · · · , n − k + 1) if k > 1, µ = ∅ if k = 1.
For example, △n,1 is the one-row diagram of size n, and △n,n is the one-column diagram of size n
(see Figure 2).
Lemma 4.4. Let n and k be positive integers such that k ≤ n. Then we have the followings.
(a) r△n,k =
k−1∑
i=0
(−1)k+i−1qn−i qi.
(b) r△n,n−k+1 = r△n,k .
Proof. Since △1,n
t = △n,n, by Proposition 2.6 (4) we have r△n,1 = r△n,n . For given n and k, we
let αn,k be the composition corresponding to the ribbon △n,k and A(αn,k) be the k × k matrix
associated to αn,k, that is defined in (3).
(a) We use an induction on k. For k = 1, by the definition of skew SchurQ-functions r△n,1 = qnq0.
Suppose that the assertion is true for k ≤ n− 2. By Proposition 2.6 (5), we have
r△n,k+1 = det(A(αn,k+1))
= (−1) det(A(αn,k)) + qn−k det(A(αk,k))
= (−1) · r△n,k + qn−k · r△k,k
=
k−1∑
i=0
(−1)(k+1)+i−1qn−i qi + qn−k qk =
k∑
i=0
(−1)(k+1)+i−1qn−i qi .
Here the fourth equality follows from the induction hypothesis and the observation r△k,1 = r△k,k .
(b) By using (a) and Proposition 2.4 (1), we have
r△n,n−k+1 − r△n,k =
n−k∑
i=0
(−1)n−k+iqn−i qi −
k−1∑
i=0
(−1)k+i−1qn−i qi
= (−1)n−k
n∑
i=0
(−1)iqn−iqi = 0 .

We state a useful lemma that is an easy consequence of Proposition 2.4 (2).
Lemma 4.5. Let λ be an odd partition and µ be a partition of a positive integer n. If λ is not a
refinement of µ, then
〈pλ, qµ〉 = 0 .
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Due to Lemma 4.4 and Proposition 2.4 (2), we can write the p-expansion of r△n,k by hand
for sufficiently small or large integers k. The cases where k = 1 and k = 3 are particularly
noteworthy because the ribbon Schur Q-functions corresponding to △n,1 and △n,3 are p-positive
(see Proposition 4.6). Furthermore, we anticipate that all ribbons whose corresponding ribbon Schur
Q-function is p-positive are constructible from△n,1 and△n,3 (see Theorem 4.8 and Conjecture 4.9).
Proposition 4.6. Let n be a positive integer.
(a) For n ≥ 1, r△n,1 =
∑
λ∈OP (n)
z−1λ 2
ℓ(λ) pλ .
(b) For n ≥ 3, r△n,3 =
∑
λ∈OP (n)
cλ pλ , where
cλ =

z−1λ 2
ℓ(λ) if m1(λ) = 0,
0 if m1(λ) = 1 or 2,(
m1(λ)−1
2
)
z−1λ 2
ℓ(λ) if m1(λ) ≥ 3 .
Consequently, r△n,1 and r△n,3 are p-positive.
Proof. (a) Since r△n,1 = qn by Lemma 4.4 (a), it is immediate from Proposition 2.4 (2).
(b) We recall Lemma 4.4 (a) and Proposition 2.4 (2);
r△n,k =
k−1∑
i=0
(−1)k+i−1qn−iqi and qn =
∑
λ∈OP (n)
z−1λ 2
ℓ(λ)pλ .
Using Lemma 4.4 (a), for odd partitions λ, we have
zλcλ = 〈pλ, r△n,3〉 = 〈pλ, qn − qn−1q1 + qn−2q2〉
which is determined according to the numbers m1(λ) and ℓ(λ) as follows:
• If m1(λ) = 0, then we have
zλcλ = 〈pλ, qn〉 = 2
ℓ(λ) .
• If m1(λ) = 1, then we have
zλcλ = 〈pλ, qn − qn−1q1〉 = 2
ℓ(λ)(1− 1) = 0 .
• If m1(λ) ≥ 2, then we have
zλcλ = 〈pλ, qn − qn−1q1 + qn−2q2〉 = 2
ℓ(λ){1−m1(λ) +m1(λ)(m1(λ)− 1)/2}
= 2ℓ(λ)(m1(λ)− 1)(m1(λ)− 2)/2 .
In each case, the first equality follows from Lemma 4.5 and the second equality follows from Propo-
sition 2.4 (2). 
We classify p-positive ribbons of the form △n,k in the following theorem.
Theorem 4.7. Let n and k be positive integers such that n ≥ k.
(a) For n ≤ 2, r△n,k is p-positive.
(b) For odd n ≥ 3, r△n,k is p-positive if and only if k ∈ {1, 3, n− 2, n}.
(c) For even n ≥ 4, r△n,k is p-positive if and only if k ∈ {1, 3, n/2, n/2 + 1, n− 2, n}.
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Proof. By Lemma 4.4 (a), △1,1 = q1 = 2p1 and △2,1 = △2,2 = q2 = 2p
2
1. Hence, (a) is proved.
For n ≥ 3, due to Lemma 4.4 (b) and Proposition 4.6, it suffices to show that the assertion is true
for 1 < k ≤ ⌈n/2⌉ and k 6= 3. To show that a ribbon Schur Q-function r△n,k is not p-positive, we
show that the value zλcλ is negative for some specific λ when we let r△n,k =
∑
λ∈OP (n) cλ pλ. To
calculate the value zλcλ, we again use Lemma 4.4 (a), Lemma 4.5, and Proposition 2.4 (2) as in the
proof of Proposition 4.6 (b).
(b) Let n ≥ 3 be an odd integer. We first show that for even k, the value z(n)c(n) is negative so
that r△n,k is not p-positive;
z(n)c(n) = 〈p(n), r△n,k〉 = 〈p(n), (−1)
k−1qn〉 = 〈p(n), (−1)
k−1z−1(n)2
1p(n)〉 = (−1)
k−12 = −2 .
We now assume that k ≥ 5 is odd and show that zλcλ is negative for λ = λ((k− 2)
2 (n− 2k+4)1).
If k − 2 > n− 2k + 4, then λ = ((k − 2)2 (n− 2k + 4)1) and we have
zλcλ = 〈pλ, r△n,k〉 = 〈pλ, qn − q2k−4qn−2k+4 − qn−k+2qk−2〉 = 2
3(1− 1− 2) = −16 .
If k − 2 ≤ n− 2k + 4, then λ = ((n − 2k + 4)1 (k − 2)2) and we have
zλcλ = 〈pλ, r△n,k〉 = 〈pλ, qn − qn−k+2qk−2〉 =
2
3(1− 3) = −16 if k − 2 = n− 2k + 4,
23(1− 2) = −8 otherwise.
(c) We first show that r△2k,k is p-positive. Let α = (1
k) be a composition of k. Since rα = qk
and △2k,k = α⊙ α
t, it follows from Proposition 2.6 (8) that r△2k,k = q
2
k/2 which is p-positive.
To complete the proof, we have to show that r△n,k is not p-positive for 1 < k < n/2 and k 6= 3.
For even k, let λ = (n/2, n/2) if n/2 is odd and λ = (n/2 + 1, n/2− 1) otherwise, then the value
zλcλ = 〈pλ, r△n,k〉 = 〈pλ, −qn〉
is negative in both cases.
For odd k, we show that zλcλ is negative for λ = (n−k−4, k−2, 3, 3). Note that n−k−4 ≥ k−2 ≥ 3.
• If k = 5, then λ = (n − 9, 3, 3, 3) and the value
zλcλ = 〈pλ, r△n,k〉 = 〈pλ, qn − qn−3q3〉
is equal to 24(1− 4) = −48 if n = 12 and 24(1− 3) = −32 otherwise.
• If k > 5, then we have
zλcλ = 〈pλ, r△n,k〉 = 〈pλ, qn − qn−3q3 + qn−6q6 − qn−k+2qk−2〉
is equal to 24(1−2+1−2) = −32 if n−k−4 = k−2 and 24(1−2+1−1) = −16 otherwise.

We classified all p-positive ribbons of the form △n,k, and Proposition 2.6 (4) tells us that their
transpose, antipodal rotation, and antipodal rotation of transpose are all p-positive. For each n ≥ 1,
we define Bn, called the set of basic blocks of size n, by
Bn :=
{
△n,1, △n,1
t, △n,3, △n,3
t, △n,3
◦, (△n,3
t)◦
}
,
and B to be the union of all Bn. We call B the set of basic blocks. Note that if n ≤ 3, then
Bn = {△n,1, △n,1
t}, and all ribbons in B are p-positive.
We state the main theorem of this section, in which an infinite family of p-positive ribbons is
constructed from our basic blocks.
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△4,1 △4,1
t = △4,4 △4,3 △4,3
t △4,3
◦ (△4,3
t)◦
Figure 2. The elements of the set B4 of basic blocks of size 4.
Theorem 4.8. Let B be the set of basic blocks. If a ribbon D is of the form
D = α(k) • · · · • α(2) • α(1) •B
for some B ∈ B and a positive integer k with compositions α(i) ∈ {(2), (1, 1)} for each 1 ≤ i ≤ k,
then rD is p-positive.
Proof. We first observe that (2) • B = B ⊙ Bt and (1, 1) • B = B · Bt. Hence, if we let Di =
α(i) • · · · • α(1) • B for 1 ≤ i ≤ k, then we can easily see that rDi+1 =
1
2 r
2
Di
for 0 ≤ i ≤ k − 1 by
Proposition 2.6 (8). It follows that rD =
1
2k
(rB)
2k , and therefore rD is p-positive. 
We remark that we do not include△n,n
2
, △n,n
2
t(= △n,n
2
+1), △n,n
2
◦, and (△n,n
2
t)
◦
inB since all of
them can be obtained from basic blocks by taking a composition of transposition as in Theorem 4.8.
For instance, △n,n
2
= (2) • △n
2
,1
t.
4.2. A conjecture on the classification of p-positive ribbons. Our conjecture is that the
converse of Theorem 4.8 is also true. That is, for connected λ˜/µ, Qλ/µ is p-positive if and only if
λ˜/µ is a ribbon obtained by applying finite number of compositions of transposition by either (1, 1)
or (2) to a basic block. Remember that B be the set of basic blocks.
Conjecture 4.9. For a connected D, if rD is p-positive then either D ∈ B or
D = α(k) • · · · • α(2) • α(1) •B
for some B ∈ B and a positive integer k with compositions α(i) ∈ {(2), (1, 1)} for 1 ≤ i ≤ k.
We verified the conjecture for all cases up to n = 12 via sage computation, and in what follows
we list a few evidences conversing to support Conjecture 4.9. To begin with, we recall that for each
ribbon D there are four kinds of equivalent ribbons in the sense that
rD = rDt = rD◦ = r(Dt)◦ .
We also recall that a ribbon D corresponds to the composition α(D) = (α1(D), α2(D), · · · , αℓ(D))
whose ith part is equal to the number of boxes on the ith row of D. Note that if α1(D) > 1 then
α1((D
t)◦) = 1. Since our goal is to determine the p-positivity of rD, it is enough to consider the
ribbons with α1(D) = 1. Hence, from now on, we always assume that a ribbon has a only one box
on the first row. We say that a box (i, j) in D is a corner of D if the box (i− 1, j) is contained in
D but (i+ 1, j) is not in D. Let c(D) be the number of all corners in D.
We summarize some identities that the coefficients in the p-expansion of ribbon Schur functions
satisfy.
Lemma 4.10. Let D be a connected ribbon of size n with length ℓ, and let rD =
∑
λ∈OP (n) cλ pλ.
Then we have the followings.
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(a)
∑
λ∈OP (n) cλ = 2.
(b) If n is odd, then c(n) = (−1)
ℓ+1 2/n.
(c) If α1(D) = 1 and αℓ(D) > 1, then
∑
λ∈OP (n)m1(λ)cλ = 8c(D).
(d) If α1(D) = αℓ(D) = 1, then
∑
λ∈OP (n)m1(λ)cλ = 8c(D) − 4 for n ≥ 2.
Proof. (a) Since D is a ribbon, there are exactly two kinds of marked shifted tableaux of shape D
and weight (n). Thus, we have
〈 rD, s(n)〉 =
〈 ∑
λ∈OP (n)
cλpλ,
∑
λ⊢n
z−1λ pλ
〉
=
∑
λ∈OP (n)
cλ = 2 .
(b) This is immediate from Proposition 2.6 (6) and Proposition 2.4 (2).
(c) Let T be a marked shifted tableau of shape D and weight (n − 1, 1). We use T (i, j) for the
content filled in the box (i, j) of T . First, notice that if T (i, j) is 2 or 2′, then the box (i, j) should
be a corner of D. Hence, we can choose a box to place either 2 or 2′ among c(D) corners. Second,
if |T (i, j)| = 2 then T (i − 1, j) can be either 1 or 1′. Lastly, since αℓ(D) > 1 the leftmost box on
the ℓth row of D is not a corner and this box must be filled with either 1 or 1′. In all, we conclude
that the number of marked shifted tableaux of shape D and weight (n− 1, 1) is 8c(D), and thus
8c(D) = 〈rD, s(n) + s(n−1,1)〉 = 〈rD, s(n)〉+ 〈rD, s(n−1,1)〉 .
Finally, using the following Murnaghan-Nakayama rule for s(n−1,1);
s(n−1,1) =
∑
λ⊢n
z−1λ (m1(λ)− 1)pλ,
we deduce that
8c(D) =
∑
λ∈OP (n)
cλ +
∑
λ∈OP (n)
(m1(λ)− 1) cλ =
∑
λ∈OP (n)
m1(λ) cλ .
(d) This can be proved in a similar in (b). But, in this case, the unique box, say b, on the ℓth
row of D is a corner.
Thus b can be filled with 2 or 2′, and the number of such marked shifted tableaux of shape D
and weight (n− 1, 1) is 4. This implies that
〈rD, s(n) + s(n−1,1)〉 = 8(c(D) − 1) + 4 = 8c(D)− 4 .

The following corollary shows that rD is not p-positive if c(D) is sufficiently large.
Corollary 4.11. For a connected ribbon D of size n, if c(D) > 1/2+n/4 then rD is not p-positive.
Proof. By Lemma 4.10, we have∑
λ∈OP (n)
(n−m1(λ)) cλ ≤ 2n− 8c(D) + 4,
which turns out to be negative if c(D) > 1/2+n/4. Sincem1(λ) is at most n, the number n−m1(λ)
is always nonnegative. Therefore, cλ < 0 for some λ. 
Remark 4.12. Let D be a ribbon of the form D = α(k) • · · · • α(2) • α(1) •B as in Conjecture 4.9.
Since we assume that α1(D) = 1, B should be a basic block satisfying that α1(B) = 1. Let ℓ be the
length of B. If αℓ(B) 6= 1, then the number of corners in α
(i) • α(i−1) • · · · • α(1) • B is twice the
number of corners in α(i−1) • · · · • α(1) •B for 1 ≤ i ≤ k. It follows that c(D) = 2k from c(B) = 1.
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On the other hand, if αℓ(B) = 1, that is, B is a one-row diagram, then α
(1)•B = △2n,n or △2n,n+1,
and thus c(α(1) •B) = c(B) = 1. Hence, c(D) = 2k−1. Notice that c(D) ≤ 2k−1 if 2 ≤ |B| ≤ 3 as
αℓ(B) = 1 and c(D) ≤ 2
k otherwise. In both cases, we can derive that c(D) ≤ |D|/4 < 1/2+ |D|/4.
According to Conjecture 4.9, if the number of boxes n = |D| of the ribbon is odd then rD is
p-positive only when D is a basic block. We prove that rD is not p-positive if D 6∈ B satisfies
certain conditions, when |D| is odd.
When the length of the ribbon is even, non p-positivity of rD immediately follows from Lemma 4.10.
Theorem 4.13. Let D 6∈ B be a ribbon with odd number of boxes. If the length of D is even, then
rD is not p-positive.
For the ribbons of odd length, more work has to be done. We set up some necessary notions
first. For a given ribbon D of length ℓ, we define the head length of D by the smallest index i such
that the ith row of D contains at least two boxes. We define the tail length of a ribbon according
to the number of boxes in the last row: If αℓ(D) = 1, then we define the tail length of D by the
smallest index j such that (ℓ− j + 1)st row of D contains at least two boxes. Otherwise we define
the tail length of D by αℓ(D).
Example 4.14. If D1 = (1, 3, 1, 1, 1), then the head length and the tail length of D1 are 2 and 4,
respectively. On the other hand, if D2 = (1, 3, 1, 1, 2), then the head length and the tail length of
D2 are 2 and 2, respectively.
D1 = D2 =
Theorem 4.15. Let D = (α1(D), α2(D), . . . , αℓ(D)) 6∈ B be a ribbon with an odd number of boxes
such that α1(D) = 1. If the length of D is odd, then rD is not p-positive in the following cases,
where k and m are the head length and the tail length of D, respectively.
(a) αℓ(D) > 1 and k is even.
(b) αℓ(D) > 1, k is odd and m is even.
(c) αℓ(D) = 1 and k = m.
Proof. We let n be the number of boxes of D, that is assumed to be odd. Without loss of generality,
we may assume that m ≥ k. Let rD =
∑
λ∈OP (n) cλpλ. We use Proposition 2.4 (2), Proposition 2.6
(6) and Lemma 4.5 in the proofs that follow.
(a) To prove the assertion, we show that the coefficient cλ is negative, where λ = λ(n−k, k−1, 1).
Note that m = αℓ(D) > 1 in this case.
We first suppose that k = 2 so that λ = (n− 2, 1, 1). Then we have
zλcλ =
〈pλ, qn − qn−1q1 − qn−2q2〉 = −16 if m = 2,
〈pλ, qn − qn−1q1〉 = −8 if m > 3 .
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Now suppose that k is even such that k > 2. Note that n− k, k − 1 and 1 are mutually distinct
due to the assumptions we make. Then
zλcλ =
〈pλ, qn − qn−1q1 − qn−k+1qk−1 − qn−kqk〉 = −16 if m = k,
〈pλ, qn − qn−1q1 − qn−k+1qk−1〉 = −8 if m > k .
(b) Now we consider odd k and even m = αℓ(D) > 1 and we trace the coefficient cλ with
λ = λ(n −m,m − 1, 1). Note that m − 1 6= 1 Since α(D) = 1 implies k > 1, while it is possible
that n−m = m− 1.
• If there is an index i such that α1(D) + · · ·+ αi−1(D) = m− 1 and αi(D) = 1, then
zλcλ = 〈pλ, qn − qn−1q1 − qn−m+1qm−1 − 2qn−mqm + 2qn−mqm−1q1〉 =
−16 if n−m = m− 1,
−8 otherwise .
.
• If there is an index i such that α1(D) + · · ·+ αi−1(D) = m− 1 and αi(D) > 1, then
zλcλ = 〈pλ, qn − qn−1q1 − qn−m+1qm−1 − qn−mqm〉 =
−32 if n−m = m− 1,
−16 otherwise .
• If there is an index i such that α1(D) + · · ·+ αi(D) = m and αi(D) > 1, then
zλcλ = 〈pλ, qn − qn−1q1 − 2qn−mqm + qn−mqm−1q1〉 =
−16 if n−m = m− 1,
−8 otherwise .
.
• If there is no index i such that α1(D) + · · ·+ αi(D) = m− 1 or m, then
zλcλ = 〈pλ, qn − qn−1q1 − qn−mqm〉 =
−16 if n−m = m− 1,
−8 otherwise .
(c) This can be proven in a similar way as in (b) by tracing the coefficient cλ, where λ =
λ(n−m,m− 1, 1) if k = m is even and λ = λ(n−m− 1,m, 1) otherwise. 
5. Concluding Remarks
Conjecture 4.9 is about the p-positive connected ribbons. For a ribbon D having r connected
components, say D = D1 ∪ · · · ∪ Dr, the ribbon Schur Q-function of D is decomposed as rD =∏r
i=1 rDi . Since a product of p-positive symmetric functions is p-positive, we know that if D is
a ribbon having p-positive ribbons as its connected components then rD is p-positive. However,
the converse is not true in general; that is the p-positivity of
∏r
i=1 rDi does not guarantee the p-
positivity of each rDi , and the classification of all p-positive ribbons needs more sophisticated work.
We, nevertheless believe and make a conjecture, which we checked with Sage for some specific cases.
Conjecture 5.1. Let D = D1 ∪ · · · ∪Dr be a ribbon with connected components Di, i = 1, . . . , r.
Then, rD is p-positive if and only if rDi is p-positive for all i.
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